Abstract: Conformal symmetry-based relations between concrete perturbative QED and QCD approximations for the Bjorken , the Ellis-Jaffe sum rules of polarized lepton-nucleon deep-inelastic scattering (DIS), the Gross-Llewellyn Smith sum rules of neutrino-nucleon DIS, and for the Adler functions of axial-vector and vector channels are derived. They result from the application of the operator product expansion to three triangle Green functions, constructed from the non-singlet axial-vector, and two vector currents, the singlet axial-vector and two non-singlet vector currents and the non-singlet axial-vector, vector and singlet vector currents in the limit, when the conformal symmetry of the gauge models with fermions is considered unbroken. We specify the perturbative conditions for this symmetry to be valid in the case of the U (1) and SU (N c ) models. The all-order perturbative identity following from the conformal invariant limit between the concrete contributions to the Bjorken, the Ellis-Jaffe and the Gross-Llewellyn Smith sum rules is proved. The analytical and numerical O(α 4 ) and O(α 2 s ) conformal symmetry based approximations for these sum rules and for the Adler function of the non-singlet vector currents are summarized. Possible theoretical applications of the results presented are discussed.
1 Introduction .
The concepts of scale-invariance and of conformal symmetry (CS) play an important role in studies of perturbative approximations for various three-point and two-point Green functions of the renormalized massless quantum gauge models with fermions. It was proved in the coordinate space-time representation, that in the CS limit of these models, which is realized when coupling constants are considered as non-renormalized bare parameters (i.e. when α = α B or α s = α B s ), the multiloop expression for the AVV three-point Green function of the flavour non-singlet(NS) axial-vector and two vector currents coincides with the lowest-order 1-loop triangle graph [1] . In the momentum space-time representation the result of ref. [1] was rewritten in ref. [2] as Here A c µ (y) = ψ(y)γ µ (λ c /2)γ 5 ψ(y) and V a α (x) = ψ(x)γ α (λ a /2)ψ(x) are the NS axial-vector and vector currents, d cab R is the symmetric structure constant of the SU (N c ) group with its generators (λ a /2), (λ b /2), (λ c /2) defined in the representation R of the related Lie algebra and ∆ 1−l µαβ (p, q) is the 1-loop contribution to the triangle Green function. In ref. [3] the validity of this non-renormalization property was explicitly demonstrated at the 2-loop level using differential regularization and differential renormalization prescriptions, proposed in ref. [4] . For the dimensional regularization [5] , [6] , [7] , [8] , [9] and in the M S-scheme [10] , formulated in more detail in [11] , the cancellation of all 2-loop internal contributions to the AVV three-point function were rediscovered in ref. [12] . The agreement of this result with the outcomes of 2-loop calculations, performed in ref. [3] using differential regularization and renormalization approaches, is not accidental. Indeed, the differential renormalization can be straightforwardly related to the dimensional regularization and the M S-scheme [13] .
In the present work we consider two extra AVV three-point Green functions, which are closely related to the one of eq. (1.1). The first of them is constructed from the singlet (SI) axial-vector and two NS vector currents, namelỹ where A µ (y) = ψ(y)γ µ γ 5 ψ(y) is the SI axial-vector fermion current. The properties of this Green function were investigated previously in ref. [14] within the deeply investigated finite QED program (see e.g. refs. [15, 16] ). This program had the aim to find out whether a non-trivial ultraviolet zero may exist in the RG β-function of the perturbative quenched QED (pqQED) model ( which will be defined in Section 2) or in the QED Gell-MannLow function Ψ(α) [17] , which as clarified in the review of ref. [18] is identical to the QED β-function in the momentum subtractions scheme (see e.g. ref. [19] for the detailed explanation ). Using the methods of the finite QED program, it was shown in ref. [16] , that if an ultraviolet zero of Ψ(α) exists, it should be a zero of infinite order. Now we know that this feature is not realized in perturbative QED. However, the important understanding of the basic features of the methods and the symmetries, gained in the process of investigations of the of the finite QED program, remain important today. Among them is the notion of the CS limit of QED. The consequences of the possible applications of the limit to the perturbative expression of eq. (1.2) were not considered in ref. [14] . The concrete analytical high-order perturbative results, which follow from this limit, were obtained only recently [20] . The second three-point Green function we will be interested in is constructed from the NS axial-vector , the NS vector and SI vector fermion currents with N F number of fermions, namelỹ
is the SI vector quark current with N F fermions of unit charge. Theoretical consequences, which will be obtained from these two AVV functions of eq. (1.2) and eq. (1.3) are new and were not published in the regular journal, though some of them were already discussed by the author (see [21] , [22] ). The most important result, derived from eq. (1.1) in the conformally invariant limit, is the relation between π → γγ decay constant and the product of the Bjorken sum rule of the polarized deep-inelastic scattering (DIS) and the Adler functions, related to the total cross-section of the e + e − -annihilation to hadrons process, both evaluated in the Born approximation [23] . Other relations, which follow from the application of the operator product expansion (OPE) approach to the same AVV Green function in different kinematic regimes, were derived in ref. [24] . In this work the basic Crewther relation of ref. [23] was generalized to the the level of the O(α 2 ) corrections within finite QED program.
In the case of the SU (N c ) gauge model with fermions the most important understanding of the properties of the perturbative series in the case when the CS exist and when it is violated by the M S renormalization procedure was achieved in ref. [25] . In this work the generalized QCD Crewther relation between the analytical M S-scheme O(α 3 s )-approximations for the Bjorken polarized (Bjp) sum rule , the Gross-Llewellyn Smith (GLS) sum rule [26] and the similar approximation for the e + e − -annihilation Adler Function, evaluated in refs. [27, 28] 1 and independently confirmed in ref. [30] , was discovered. The factorization of the the 2-loop RG β-function of the SU (N c )-model was revealed in the generalized M S-scheme Crewther relation at the α 3 s -level. The analytical calculations of the α 4 s -corrections to the Bjp sum rule [31] , the GLS sum rule, the D-function in the NS and vector channels allowed the authors of refs. [31, 32] to demonstrate explicitly the existence of the closed M S-scheme approximations for the generalized QCD Crewther relations [25] with the factorized 3-loop RG β-function, analytically evaluated in ref. [33] and confirmed in ref. [34] . The validity of the M Sscheme relation for the Bjp sum rule to all orders of perturbation theory was considered in momentum space [2] and then proved in the coordinate space-time representation [35, 36] without specifying the form of high order perturbative QCD corrections. The additional SI-type α 4 s contributions to the O(α 4 s ) NS expression for the Bjp sum rule [31] were obtained recently [37] 2 from the equality of the generalizations of the Crewther relations for the product of the coefficient function of the Bjp sum rule and the NS D-function and the product of the coefficient functions of the GLS sum rule and the D-function of vector currents. This equality was proposed in ref. [21] and published in ref. [38] without taking into account SI-type O(α 4 s )-corrections to the Bjp sum rule. Note, that the Crewther relation for the GLS sum rule was analysed in the Born QED approximation [24] , in the O(a 3 s ) and O(a 4 s ) SU (N c ) studies of ref. [25] and ref. [32] , and in the general theoretical perturbative QCD analysis of refs. [35, 36] as well.
In this work we derive new perturbative all-order identities between the concrete approximations for the coefficient functions of the Bjp, Ellis-Jaffe (EJ) and the GLS sum rules. In the CS limit, which can be formulated for QED and hopefully for QCD, these approximations should be related to similar perturbative expressions for the D-functions of the NS and SI vector currents. We discuss how this CS limit of U (1) gauge model can be specified within perturbation theory. It is stressed, that the origin of this limit differs from a similar limit, considered in the works which are devoted to the searches for fixed points or "conformally invariant windows" in the expressions for the RG β-functions of the gauge model under consideration (see e.g. refs. [39, 40] ). Its realization also differs from the proposal of ref. [41] to restore the CS of renormalized QED by modification of its Lagrangian in an arbitrary number of dimensions. In our case the mechanism which realizes the CS is simulating in part the one that responsible for the CS in N = 4 SYM theory with an identical zero RG β-function. Theoretical applications of the results obtained, including the explanation of the cancellations between SI-type perturbative α 3 s contributions to the GLS sum rule and to the Adler D-function of fermion vector currents [25] and of the specific SI α 4 s corrections to both quantities [32] are presented. We consider also the structure of the available U (1) perturbative expansions for the DIS sum rule and for the Adler functions. The application of the certain α 2 s SU (N c ) results for these quantities, which follow from this definition of the conformally-invariant limit, are discussed.
2 The AVV three-point functions and the conformal symmetry in the U (1) and SU (N c ) models.
Basic considerations.
Let us study the three-point functions of eq. µ (x) are not renormalized by construction (we recall that the bare operators do not depend on any scale or renormalization constant). As will be discussed below, in the Abelian U (1) model with fermions, these requirements can be formulated in diagrammatic language and are described by the blocks of Feynman graphs, where the QED coupling constant a = α/π is fixed and is not renormalized. This leads to the property Z 3 = 1, where Z 3 is the renormalization constant of the photon propagator, which is related to the renormalization of the QED coupling constant by a = Z 3 a B , where a = α/π. In this QED-type model, characterized by the approximation Z 3 = 1, the RG β-function is identically equal to zero, namely
This property is equivalent to the existence of the CS in this approximation, which as in the case of N = 4 SYM theory leads to vanishing of the RG β-function in all orders of perturbation theory. In the case of an SU (N c ) gauge group, when the renormalized coupling constant a s = α s /π can be defined through the renormalization of several vertexes, namely through triple-gluon vertex, four-gluon vertex or quark-antiquark-gluon vertex, it is unclear how to formulate the CS limit in a manner similar to that discussed above in the case of the U (1)-model, i.e. considering sets of specific Feynman graphs.
Since the basic requirement a s = a B s of this limit does not depend from the scale parameter the RG β-function of this SU (N c )-based model is identically equal to zero in all orders of perturbation theory
The notion of the CS limit of the gauge models turn out to be very useful for deriving the relations between concrete analytical scale-independent perturbative approximations for the coefficient functions of the Bjp , EJ and the GLS sum rules and the similar approximations of the D-functions, constructed from the NS vector currents and the SI vector currents. Note. that this consideration presumes, that the renormalization constant of the SI axial-vector current A µ (x) = Z SI (a s )A B µ (x) is fixed as Z SI = 1. The basic property, which will be used in the derivation of the relations mentioned above, is that in the CS limit the three-point Green functions of eq. (1.2) and eq. (1.3) have 1-loop expressions, which are identical to that of the AVV Green function in eq. (1.1), namelỹ
where the 1-loop contributions ∆ 
As will be demonstrated, in the CS limit the application of the operator product expansion (OPE) approach to eq. (1.1), eq. (2.3) and eq. (2.4) allow us to derive relations between the approximations for the coefficient functions of the DIS sum rules, which will be defined below.
The definitions of the perturbative coefficient functions.
Within perturbation theory the Bjorken sum rule of polarized lepton-nucleon DIS is defined by
where g A is the axial nucleon coupling constant.
In the M S-scheme the expression for the polarized Ellis-Jaffe sum rule is
Here a 3 = ∆u − ∆d=g A , a 8 = ∆u + ∆d − 2∆s, ∆Σ = ∆u + ∆d + ∆s and ∆u, ∆d and ∆s are the polarized parton distributions, while the subscripts lp(n) labels the structure functions g 1 (x, Q 2 ) of polarized DIS of charged leptons (l) on protons (p) and neutrons (n). Note that the polarized gluon distribution ∆G, introduced in QCD in Refs. [42] , [43] does not contribute to eq. (2.6) in the M S-scheme [44] . The perturbative expression for the Gross-Llewellyn Smith sum rule of neutrino-nucleon DIS can be defined as
Considering the correlator of two NS axial-vector currents
one can define the Adler D-function of the NS axial-vector currents as
where d R is the dimension of the quark representation and µ 2 = Q 2 . The correlator of the two SI vector quark currents has the following transverse form
The corresponding Adler D can be defined as
where N F is number of fermion species. Note, that in eq. (2.10) the expression for the SI fermion vector current is fixed as V µ = ψ i γ µ ψ i , which leads to the appearance of the factor N F in the r.h.s. of eq. (2.11). This particular definition is useful for considering the cases of both SU (N c ) and U (1) expressions of eq. (2.11) in the same manner without introducing quark charges Q i and thus changing the SI quark vector current in eq. (2.10) to the electromagnetic quark current
The coefficient function of the RG-invariant quantities defined above obey the following RG equations
where Q 2 = −q 2 is the Euclidean momentum transfer, µ 2 is the scale parameter of the M S-scheme. The coefficient function of the D-function of vector currents and of the GLS sum rule contain the NS and SI-type contributions, namely
where in both eq. (2.17) and eq. (2.18) the SI-type perturbative corrections appear at the a 3 s -level (see the works of refs. [27] , [28] , [29] , [30] and ref.
[26] correspondingly).
As was found recently [37] , the coefficient function of the Bjp sum rule also contains SI-type contributions
which appear first at the level of the a 4 s corrections. It will be demonstrated that the NS contributions to the coefficient functions of the DIS sum rules coincide in all-orders of perturbation theory, namely that
These coefficient functions are power series in a s = α s /π , where α s is the coupling constant of the SU (N c ) colour gauge theory. In general the variation of a s is governed by RG β-function of the SU (N c ) gauge group, which is defined as
The RG equation for the SI coefficient function for the EJ sum rule contains the anomalous dimension function, namely
The anomalous dimension of the SI axial current A µ is defined as
where A µ = Z SI (a s )A B µ . This anomalous dimension enters the four-loop calculations of ref. [45] , though its analytical expression in the M S-scheme is known at the three-loop level only [46] and can be re-written as
In eq. (2.24) γ 0 is zero due to the fulfilment of the Ward identities for the SI axial vector current, C F and C A are the Casimir operators, N F counts the number of flavours, T F = 1/2 is the normalization factor, or the Dynkin index, which will be defined below.
2.3
The definitions of the SU (N c ) and U (1) group weights.
In order to recall how one can transform perturbative series for the case of the non-Abelian SU (N c ) gauge model to the case of the Abelian U (1) theory, we follow in this section the studies, performed in refs. [47] , [48] , [49] , [50] , and present the general definitions of the Casimir operators and the structure constants for the SU (N c ) and U (1) gauge groups. The generators T a of the Lie algebra of the SU (N c ) group satisfy the following commutation relations
where f abc is the antisymmetric structure constant. In a fermion representation, which contains N F fermions, one has
Here I is the unit matrix and C F is the quadratic Casimir operator of the Lie algebra. The Casimir operator C A of its adjoint representation is defined as
The Dynkin index T F of the Lie algebra of the SU (N c ) group has the following form
Using eq. (2.26) and eq. (2.27) one gets
where N A is the number of the generators T a , and d F is the dimension of the fundamental representation R of the SU (N c ) gauge group Lie algebra. The totally symmetric tensor d abc F , which already appeared in the discussions presented above, is defined as
The generators T a of the SU (N c ) colour gauge group are related to the colour matrixes λ a as T a = λ a /2. In the fundamental representation R the concrete analytical expressions of the introduced above SU (N c ) group characteristics are
In this representation the product of two totally symmetric tensors d abc F equals to
It was was first obtained by the authors of ref. [27] using the original method of ref. [47] . This expression was confirmed later on in the detailed work of ref. [49] . In the case of the Abelian U (1) gauge group with fermions one has
Thus, using (2.26) and (2.27) we get that in the U (1) model C F = 1 and C A = 0. Rewriting (2.29) as
taking into account that in QED d F = 1, N A = 1 one obtains that for the Lie algebra of the U (1) group the Dynkin index is fixed as
The absence of colour structure in the QED vector current J µ (x) = ψ(x)γ µ ψ(x) and the application of eq. (2.30) implies that in QED d abc F = 1. To summarize
are the QED ( or of the Abelian U (1) group) analogs of the group structures, which appear in the multiloop calculations in the non-Abelian SU (N c ) group.
Specification of the conformally invariant limit in perturbative QED
To clarify the notion of the CS limit of the gauge models with fermions to be used in this work, which does not correspond to the fixed points or "conformally invariant windows" in the expressions for the RG β-functions of these models, we consider first the case of QED, and the perturbative quenched QED (pqQED) model in particular. As was recalled above, it was used some time ago in studies of the finite QED program. This model is described by the set of QED graphs without internal vacuum polarization insertions in various multiloop diagrams. Among these diagrams is the photon-electron-positron vertex, which defines the renormalization of charge in QED. In the pqQED model the external photon line of this photon-electron-positron vertex, depicted in Figure 1 , is renormalized by the multiloop photon vacuum polarization function with the single external fermion loop only. Of course, there are also the diagram with the insertion of the pqQED approximation of the photon propagators into external lepton lines of the photon-lepton-lepton vertex and into the vertex itself. They are also contributing into the pqQED approximation of the renormalization constants Z 2 and Z 1 . But due to the Ward identities Z 1 and Z 2 are cancelling each other, so only the diagrams of Figure 1 are surviving in the definition of the renormalized coupling constant of QED and pqQED approximation.
Thus the pqQED approximation of the photon vacuum polarization function is defined by the one-particle irreducible vacuum polarization function with the exclusion of diagrams with lepton-loop inserions into internal photon line (see Figure 2) .
In the approximation considered the renormalization constant Z 3 of the photon propagator and the related RG β-function are defined by the photon vacuum polarization graphs with one external fermion loop.
Within pqQED model with N F = N number of leptons the expression for the β-function can be written down as
where a = α/π, α is the renormalized coupling constant of the pqQED model, and the coefficients β
k do not depend from the number of leptons N . At the 4-loop level these results follow the analytical calculations of ref. [19] , which were directly confirmed within the pqQED model by the calculations of ref. [51] .
The analytical result for the 5-loop coefficient β
4 was announced in ref. [52] and published later on in ref. [31] after performing the calculational cross-check outlined in ref. [53] . Note, that since there are no sub-divergencies in the total pqQED expression for the photon vacuum polarization function, the β-function of pqQED , as defined in eq. (2.37), does not depend on the choice of the subtractions scheme to all orders of perturbation theory. Therefore, pqQED approximation is an example of a model, where the remaining scale dependence manifests itself in the perturbative expressions for the related massless Green functions only.
Let us now move one step further and define the conformal invlimit of perturbative QED. It is realized when there is no scale in the theory, which is introduced by charge renormalization. Within the language of renormalization constants this happens when Z 3 = 1. This approximation is equivalent to the case when a = a B and β(a) = β(a B ) = 0.
The conditions fixed above define the CS limit of QED considered in this work in diagrammatic language. It differs from the CS limit which is restored in ref. [41] by the modification of the QED Lagrangian in an arbitrary number of dimensions.
To summarize in our case the conformally invariant limit of perturbative QED exists 1. in the approximation when only the Feynman diagrams contributing to Green functions without fermion loop insertions into internal photon lines are considered;
2. this approximation should be combined with the theoretical requirement that in the concrete perturbative expansions one should use not the running coupling, but the bare parameter a = α/π; 3. the latter property holds when in the photon-lepton-anti-lepton vertex diagrams the photon vacuum polarization insertions (even with single fermion loop) are not considered.
In other words, in the conformally invariant limit of QED considered the photon vacuum polarization function of pqQED involves the two-point Green function of vector vector currents, while in the vertex Green functions for the dressed photon-lepton-anti-lepton vertex they are neglected. In the talk [22] the conformally invariant limit of QED specified above was used to outline the derivation of an all-order identity between special contributions to the NS and SI coefficient functions for the Ellis-Jaffe sum rule of polarized lepton-nucleon DIS. The NS and SI coefficient functions C N S EJ (a s ) and C SI EJ (a s ) enter the operator product expansion expansion of the T -product of two NS vector currents as
+ higher twist terms where P 2 = −p 2 is the Euclidean transfer momentum and µ 2 is the renormalization scale parameter. The second term of the r.h.s. of eq. (2.38) also defines the NS part in the coefficient function C N S Bjp (a s ) of the Bjp sum rule [54] , which was introduced above in eq. (2.5). Therefore, one has C N S EJ (a s ) = C N S Bjp (a s ). The analytical expression for the a 2 sand a 3 s -corrections to C Bjp (a s ) were analytically evaluated in the M S-scheme in the works of ref. [55] and ref. [26] respectively, while the corresponding NS-type a 4 s contributions were evaluated in ref. [31] .
To get the non-zero pqQED analog of the O(a 3 s ) approximation of the anomalous dimension γ SI (a s ), defined in eq. (2.24), we use the discussions of Section 2.4, fixing C F = 1, C A = 0, T F = 1 (as follows from eq. (2.36)), and take N k F = 0 for k ≥ 2 into its available SU (N c ) expression of eq. (2.24). In order to put it to zero as a whole and thus move to the case of CS approximation of perturbative QED, it is necessary to add to the requirements (1)-(3), introduced above while specifying the conformal invariant limit of perturbative QED, the additional condition of non-renormalization of the SI axial-vector current, i.e. the condition A µ (x) = A B µ (x). In this case the correlator of two SI bare axial-vector currents contains a single external lepton loop and has the transverse form, namely
The corresponding multiloop approximation of the formfactor Π SI (a B , Q 2 /µ 2 ) does not contain the diagrams with triangle contributions to the external bare vertex, and therefore the anomalous dimension γ SI (a), discussed in the related QED studies of ref. [14] , is absent. Moreover, in the conformal invariant limit of perturbative QED the formfactor Π SI (a B , Q 2 /µ 2 ) coincides with the conformal-invariant approximation for the formfactor Π N S (a B , Q 2 /µ 2 ) of two NS axial -vector currents, which appears in the QED version of eq. (2.39).
In the case of perturbative QCD or, more generally, in the SU (N c ) gauge model with fermions, the initial CS of the massless quark-parton model can be restored by fixing a s = a B s and A µ (x) = A B µ (x). Using the definitions of eq. (2.21) and eq. (2.24) one gets identically zero expressions for the RG functions β(a s ) = 0 and γ SI (a s ) = 0 and the expression of the transverse expression of the two-point Green function of the bare axial-vector currents A B µ (x), which has the form, similar to the one of (2.39). These pure theoretical conditions are useful for the derivations of all-order perturbative identities between the concrete terms in the NS and SI coefficient functions of the EJ sum rule and the NS coefficient function of the Bjp sum rule and the GLS sum rule of the νN DIS. In the M S-scheme the total coefficient function of the GLS sum rule C GLS (a s ) is defined through the OPE of the NS axial-vector and vector fermion currents (see e.g. [54] ) as
(2.40) where we follow the notation consistent with the notation for the Green function of eq. (1.3) . In the next Section we will consider theoretical results for the DIS sum rules, which follow from the defined in this work CS limit of the SU (N c ) and U (1) gauge models.
3
Conformal symmetry governed contributions to the coefficient functions of the DIS sum rules in QED and QCD .
3.1 The all order perturbative identities between coefficient functions of DIS sum rules in the conformal symmetry limit.
Let us compare application of the OPE approach to the three AVV three-point Green functions of eq. (1.1), eq. (1.2) and eq. (1.3). In was already discussed in Section 1 that in the CS limit all these three AVV three-point Green functions are not renormalized and are expressed through the same one-loop three-point function ∆
The results, obtained in ref. [2] in the kinematic regime (pq) = 0 (see ref. [56] as well) demonstrate that this three-point function can be expressed through three form-factors:
Using this property and applying the OPE expansion to eq. (1.1) and eq. (1.2) in the limit of large P 2 and taking into account the definition of eq. (2.39), we get the following two expressions
where the correlators of the NS and SI axial-vector currents do not contain diagrams with insertions responsible for renormalization of the internal propagators of gauge particles, and the SU (N c )-group coupling constant a s = a B s . Combining now eq. 
This expression is similar to the CS limit of the expression obtained in ref. [2] in the NS axial-vector channel, i.e.
Note, that the remaining Q 2 /µ 2 -dependence comes from the single log(Q 2 /µ 2 )-terms, which are related to the overall divergence of the single-fermion loop approximations of the correlators of NS and SI axial-vector currents. Taking now the "weighted" derivatives −Q 2 (d/dQ 2 ) in (3.4) and (3.5) we get the following pair of the Crewther-type identities
where a s = a B s is considered as the fixed parameter. Taking into account the existence of the property
which is fulfilled in all orders of perturbation theory, and that C N S EJ (a s ) = C N S Bjp (a s ) (for discussions see Section 2.2 ), we get the following CS based all-order relation for the coefficient functions of DIS sum rules
Note, that in the CS limit the ratios of the corresponding approximations for the EJ and Bjp sum rules, which are determined using their definitions from Section 2.2 and the CS identities of eq. (3.9), give us the the following relation
where a 8 = 3a 3 − 4D, a 3 , a 8 and ∆Σ were defined above through the polarized parton distributions and D is the hyperon decay constant. These relations coincide with the ones obtained in the massless quark-parton model and can be rewritten as
They lead to the standard quark-parton model definition of the Bjp sum rule through the EJ sum rules, namely
This gives us confidence in the self-consistency of the considerations presented above.
To get the CS limit expression for the coefficient function of the GLS sum rule, we apply the OPE to eq. (1.3) at large Q 2 . As a result, using the definition of eq. (2.40) in the CS limit of the gauge model under considerations we find that
(3.13) The analog of eq. (3.4) now reads 14) where N F on the l.h.s. of eq. (3.13) comes from the definition of the three-point function of eq. (1.3). Taking the weighted derivative −P 2 (d/dP 2 ) on both sides of eq. (3.14) using the definition of the Adler function of SI vector currents from eq. (2.17) we will also use the discovery of finite QED program studies, that the CS limit is also valid in the case of including the SI-type contributions to the correlator of SI vector fermion currents which contain two light-by-light scattering subgraphs without internal lepton loop insertions (see Figure 3) . The dashed light-by-light scattering fermion-loop subgraphs of the diagrams of Figure  3 do not contain diagrams with lepton loops insertions into internal photons lines (see Figure 4 ). In the approximation we are interested in these diagrams are subtracted from the one-particle irreducible expressions for the subset of QED diagrams with four external photon lines, coupled to the single lepton loop.
Taking into account these light-by-light scattering graphs, we arrive at the following analog of the Crewther-type relation between the coefficient functions of the GLS sum rule It is valid at the level of taking into account N F -terms for sure, while the cross-check of the N 2 F relation requires the evaluation of higher order SI contributions to both D-function and to the GLS sum rules, which respects CS limit. At present these require calculations going beyond the level of the analytically evaluated O(a 4 s ) corrections. Thus, expanding (3.15) in powers of N F we obtain
The expression for eq. where the r.h.s. of eq. (3.19) is defined by eq. (3.9). It is identically equal to the conformally invariant contributions to the SI and NS parts of the EJ sum rule and of the NS contributions to the Bjp sum rule. The expression (3.15) is supporting the relation between the a 3 s N F and the a 4 s N F C F corrections to the SI contribution into the coefficient function of the GLS sum rule and into the SI contribution to the coefficient function of the D-function of SI vector currents. At the a 3 s -and a 4 s -levels these relations were obtained in ref. [25] and ref. [31] respectively from the results of analytical a 3 s and a 4 s calculations.
Concrete analytical and numerical results
Let us present now some concrete expressions for the scale-independent approximations of the several coefficient functions. The first one is the expression for the coefficient function of NS D-function, obtained in the conformally-invariant approximation of QED. It follows from the results of direct analytical 5-loop calculations, presented first in the work of ref. [52] , discussed in detail in the work of ref. [53] and published later on in ref. [31] . This result has the following form [59] .
In the conformally-invariant limit of perturbative QED the results for the coefficient functions of DIS sum rules can be obtained from the Crewther relations of eq. (3.6) and of eq. (2.7). In this limit the explicit expression for the NS coefficient function of the Bjorken sum rule was first obtained in ref. [53] . Taking it into account we get the following analytical and numerical expressions of the considered in this work identities:
The validity of the identity of eq. (3.25) for the coefficient function C SI EJ (a) was explicitely demonstrated in ref. [20] at the level of a 3 corrections. The results of ref. [20] were obtained combining the analytical 3-loop expressions, which follow from the results of calculations of refs. [26] , [45] in the CS limit of QED.
It will be of interest to check the validity of this identity in possible direct analytical 4-loop calculations of C SI EJ (a). We present here also the O(a 2 s ) CS approximations for the DIS sum rules in the the cases of SU (N c ) and SU (3) models, which result from the considerations of ref. [58] : The numerical expression for the O(a 2 s )-coefficient coincides with the result obtained in ref. [60] using the one-scale O(a 3 s ) extension of the BLM approach of ref. [59] , developed in ref. [61] . The detailed studies of the differences of these results with other extensions of the BLM approach, which also have the aim to obtain the expressions for the coefficient functions as a series with scale-independent coefficients [62] , [63] , [64] are on the agenda. The method of ref. [57] , developed for the formulation of an all-orders extension of the BLM approach, and the new M S-scheme generalization of the Crewther relation [58] , which presumes the application of the two-fold expansion in terms of powers of the β-function and the coupling constant itself, are quite useful for the investigation of this problem.
Conclusions
In this work using the language of the bare unrenormalized parameters of QED and QCD and the properties of the absence of radiative corrections to three AVV three-point Green functions in the case when the conformal symmetry of U (1) and SU (N c ) gauge models remain valid, we derived three Crewther-type relations and the identities between coefficient functions of DIS sum rules. We demonstrated how to formulate the conformal-invariant limit of perturbative QED on the diagrammatic language and clarified that it is possible to fix the similar CS limit of the SU (N c ) model using the language of bare unrenormalized parameters. The concrete checks of the possible analytical evaluations of the fourth-order corrections to the SI coefficient functions in the expressions for the EJ sum rule within the conformal-invariant expansion in the U (1) model with fermions were outlined. The necessity of comparing the results for the coefficient functions of the DIS sum rule and the D-functions, obtained within the conformal-invariant limit of the SU (N c ) model with fermions, with the the generalizations of the BLM approach were emphasized. These generalizations absorb into the scale of the M S-scheme coupling constant all factors proportional to the coefficients of the β-function. These coefficients are responsible for violation of the CS. The CS breaking perturbative effects also manifest themselves in the M S-scheme generalizations of Crewther relations, discovered , studied , theoretically considered, proved and reformulated in the works of ref. [25] , refs. [31, 32] , ref. [2] , refs. [35, 36] and ref. [58] respectively. The manifestation of these effects through the appearance of loop corrections to the AVV three-point functions starting from the 3-loop level are supported by the manifestation of a concrete β 0 a 3 s dependent correction in the explicitly evaluated 3-loop expressions for the transverse form-factors of the AVV correlator [65] . More detailed studies of various expressions for the generalized Crewther relations should be quite useful for the task of comparing with existing generalizations of the BLM approach.
Another aim of this work was to demonstrate that the principles of the CS, which at present are widely considered in the applications of the OPE to the Green functions in N =4 SUSY Yang Mills models, may have an analogy with the investigations of the similar problems in the CS limit in both U (1) and SU (N c ) models with fermions.
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